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Abstract
The theory of elasticity (a.k.a. Riva-Cardy model) has been regarded as an
example of scale invariant but not conformal field theories. We argue that in d = 2
dimensions, the theory has hidden global conformal symmetry of SL(2,R)×SL(2,R)
without its Virasoro extension. More precisely, we can embed all the correlation
functions of the displacement vector into a global conformal field theory with four-
derivative action in terms of two scalar potential variables, which necessarily violates
the reflection positivity. The energy-momentum tensor for the potential variables
cannot be improved to become traceless so that it does not show the Virasoro
symmetry even with the existence of global special conformal current.
In recent years, the question under which condition scale invariance implies conformal
invariance has gained some renewed interest (e.g. [1][3][2][4][5][6]).1 Due to the revival
of conformal bootstrap in d > 2 dimensions (see e.g. [8][9][10] and reference therein),
the question has become not only academic but also practically important to reveal the
nature of the renormalization group fixed point.
One interesting example of scale invariant but not conformal invariant field theories
discussed in the literature is the theory of elasticity [11]. For a displacement vector vµ,
we have the (Euclidean) action
S =
∫
ddx
(
−1
4
(∂µvν − ∂νvµ)2 − κ
2
(∂µv
µ)2
)
. (1)
Originally, Riva and Cardy [12] examined the model in d = 2 dimensions. In general d-
dimensions with generic κ, the theory has been regarded as an example of scale invariant
but not conformal invariant field theories [13].2 Up to improvement terms, the symmetric
energy-momentum tensor is given by
Tµν =
δµν
4
(∂ρvσ − ∂ρvσ)2 − (∂µvρ − ∂ρvµ)(∂ρvν − ∂νvρ)
+ κ(vµ∂ν(∂
ρvρ) + vν∂µ(∂
ρvρ)− δµν(vρ∂ρ(∂σvσ) + (∂ρvρ)2/2)) . (2)
Let us recall that the condition of the scale invariance is that the trace of the symmetric
energy-momentum tensor is given by divergence of the Virial current Jµ [14][15].
T µµ = ∂
µJµ . (3)
The condition for the global conformal invariance is that the Virial current is further
rewritten as
Jµ = ∂
νLµν , (4)
with another symmetric tensor Lµν . Indeed, if this is the case, we can construct a special
conformal current
J (k)µ = Tµν(2kρx
ρxν − x2kν)− 2kρxρ∂νLµν + 2kνLµν (5)
1For a review and earlier reference, see [7].
2In any dimensions, at κ = 1, we have topologically twisted conformal symmetry. In d > 2 dimensions,
we have untwisted (i.e. physical) conformal symmetry at κ = (d− 4)/d.
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that is conserved for a constant vector kµ in any space-time dimensions (including d = 2).
In d = 2 dimensions, we typically observe that the global conformal symmetry of
SL(2,R)×SL(2,R) enjoys the Virasoro extension. The precise condition for the Virasoro
extension is that the energy-momentum tensor is improved to become traceless. For this,
we further need to require [16][17]
Lµν = δµνL (6)
for a scalar operator L so that we can construct the improved energy-momentum tensor
that is traceless:
T˜µν = Tµν + (∂µ∂ν − δµν✷)L
T˜ µµ = 0 (7)
In d = 2 dimensions, it then means that we can construct the holomorphic energy-
momentum tensor Tzz(z) in the complex coordinate z = x1 + ix2, leading to the infinite
number of conserved current j(ǫ)(z) = ǫ(z)Tzz(z) for any holomorphic function ǫ(z). Note
that this condition is specific to the d = 2 dimensions, and there is a niche possibility
of having global conformal invariance without the Virasoro extension. As we will discuss
at the end of this paper, the situation is rare, and it is only possible at the sacrifice of
reflection positivity.
From the viewpoint of the Weyl invariance in the curved background, the special
feature in d = 2 dimension comes from the fact that the Ricci tensor and Ricci scalar are
related as Rµν = Rgµν/2, so the curvature interaction
∫
d2x
√
gRµνL
µν does not contain
the symmetric traceless part. Therefore, in d = 2 dimensions, the improvement term is
able to remove the trace part of the symmetric tensor Lµν but not the traceless part.
Let us go back to the theory of elasticity in d = 2 dimensions. In d = 2 dimensions,
we can always (locally) decompose the vector field vµ into potential variables represented
by a scalar φ and a pseudo-scalar χ as3
vµ = ∂µφ+ ǫµν∂
νχ . (8)
Substituting it into the action, we obtain
S =
∫
d2x
(
−1
2
(✷χ)2 − κ
2
(✷φ)2
)
. (9)
3It is known as the Helmholtz-Hodge decomposition. We assume that the space topology is trivial so
that we have no global harmonic one-forms.
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We now have two decoupled free scalar fields with four-derivative action (see [17] for a
recent discussion on the model with its emphasis on the distinction between conformal
invariance and Weyl invariance).
Our claim is that if we use these potential variables, the theory of elasticity shows
hidden global conformal invariance without the Virasoro extension for a generic value of
κ. To see the existence of global conformal symmetry first of all, let us compute the
energy-momentum tensor in terms of φ and χ as
Tµν = −δµν
(
∂σχ∂
σ
✷χ +
1
2
(✷χ)2
)
+ ∂µ✷χ∂νχ+ ∂ν✷χ∂µχ
− κδµν
(
∂σφ∂
σ
✷φ+
κ
2
(✷φ)2
)
+ κ∂µ✷φ∂νφ+ κ∂ν✷φ∂µφ (10)
up to improvement terms (see e.g. [18][19][17][20]. Its trace is
T µµ = −(✷χ)2 − κ(✷φ)2 (11)
so that it can be rewritten as
T µµ = ∂
µJµ = ∂
µ∂νLµν (12)
with
Lµν = −2∂µχ∂νχ + δµν∂ρχ∂ρχ+ δµνχ✷χ + κ(−2∂µφ∂νφ+ δµν∂ρφ∂ρφ+ δµνφ✷φ) (13)
up to the use of the equations of motion ✷2φ = ✷2χ = 0.
We, however, notice that Lµν = δµνL does not hold with a local operator L. From
the above discussions, we see that the theory shows the global conformal symmetry4 of
SL(2,R) × SL(2,R) but we cannot improve the energy-momentum tensor to become
traceless. The theory does not exhibit the Virasoro symmetry (see also [19][17]).5
More explicitly, let us use the complex coordinate z = x1+ix2 and study the conformal
transformation on the primary fields φ and χ as
δφ = −1
2
(∂zǫ)φ+ ǫ∂zφ
δχ = −1
2
(∂zǫ)χ+ ǫ∂zχ (14)
4Since φ and χ decouple, the system actually possesses two copies of global conformal symmetry.
5We are informed that the case with κ = 0 in the context of d = 2 Maxwell theory was discussed in
[21][22]. We would like to thank S. Rychkov for letting us know the above reference.
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with respect to a holomorphic function ǫ(z). Up to the integration by part, the variation
of the action is
δǫS =
∫
d2x(∂3z ǫ)
(−4(∂¯z¯χ)2 − 4κ(∂¯z¯φ)2) . (15)
We see that the theory is invariant only under the global conformal transformation ǫ(z) =
ǫ0+ǫ1z+ǫ2z
2, but not under the full conformal transformation in which ǫ(z) is an arbitrary
holomorphic function.
The description in terms of the potential variable has a shift gauge symmetry
φ→ φ+ cφ
χ→ χ+ cχ (16)
with cφ and cχ being constant. Therefore, all the correlation functions of vµ in the original
theory can be reproduced by those of the potential scalar fields φ and χ, but not the other
way. In particular, the potential variable φ and χ themselves cannot be expressed in terms
of vµ in a local manner. This is the reason why the global conformal symmetry is not
manifest in terms of vµ. Indeed, the special conformal current (5) is not invariant under
the shift gauge symmetry (16).
More abstractly, all the correlation functions of vµ can be obtained from the Wick
contraction with
〈vµ(p)vν(q)〉 = δ(p+ q) 1
p2
(
δµν − (1− κ−1)pµpν
p2
)
(17)
in the momentum space. In terms of the potential variables, they can be reproduced by
vµ = ∂µφ+ ǫµν∂
νχ and using the Wick contraction of the potential scalars with
〈φ(p)φ(q)〉 = δ(p+ q)κ
−1
p4
〈χ(p)χ(q)〉 = δ(p+ q) 1
p4
. (18)
These scalar two-point functions are consistent with global conformal invariance (but
not with the Virasoro symmetry) in which φ and χ are (quasi-)primary fields of the
dimensions ∆(χ) = ∆(φ) = −1. However, φ and χ themselves do not appear in the
correlation functions of vµ. Thus, more strictly speaking, we may declare that all the
correlation functions of vµ in the theory of elasticity can be embedded into a global
4
conformal invariant field theory realized by free scalars φ and χ. See [13][23] for a similar
concept of embedding of scale invariant field theories into conformal field theories.
As it turns out, the situation is reminiscent of the three-dimensional free Maxwell
theory
S =
∫
d3x
(
1
4
FµνF
µν
)
, (19)
in which the theory does not show manifest conformal symmetry in terms of the electric
description based on the vector potential Aµ, but shows hidden conformal symmetry in
terms of the magnetic variable B with ∂µB = ǫµνρF
νρ with the dual action [24][13]
S =
∫
d3x
(
1
2
∂µB∂
µB
)
. (20)
Again, there is a constant shift gauge symmetry B → B + c, but the special conformal
current in terms of B is not invariant under this gauge symmetry.
In this paper, we have shown that the theory of elasticity in d = 2 dimensions has
hidden global conformal symmetry SL(2,R) × SL(2,R) without its Virasoro extension.
A lesson we can draw from this is that a possibility of (infinite dimensional) extension of
the algebra does not necessarily imply the physical realization of such extended algebra.
Indeed, there are many non-relativistic examples of (infinite dimensional) extended alge-
bra whose physical realization seem impossible [28]. To conclude the paper we have two
final remarks.
Firstly, the peculiarity that we have observed is possible only because the theory
does not possess the reflection positivity. The canonical scaling of the energy-momentum
tensor implies the symmetric traceless tensor Lµν has scaling dimension zero in d = 2
dimensions, and it is inconsistent with the reflection positivity. As discussed in [12], the
theory of elasticity lacks the reflection positivity.
Secondly, the similar models of scale invariant vector theories appear in the theory of
perception [25][26][27]. There, the approximate symmetry of our two-dimensional percep-
tion (i.e. our visual perception of two-dimensional image) given by Euclidean invariance
and scale invariance was associated with the manifest symmetry of the underlying field
theory. Our analysis, however, shows that they may possess the hidden global confor-
mal symmetry in addition. It would be interesting to understand its role in the theory
of perception. Perhaps we may enhance our visual perception by exploiting the hidden
symmetry that we have discussed in this paper.
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